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ABSTRACT
We describe a technique for improving the performance of hydrodynamics codes
which employ a moving Voronoi mesh. Currently, such codes are susceptible to high-
frequency noise produced by rapid adjustments in the grid topology on the small-
est scales. The treatment for this grid noise is simple; instead of moving the mesh-
generating marker points with the local fluid velocity, this velocity field is smoothed
on small scales, so that neighboring marker points generally have similar velocities.
We demonstrate significant improvement gained by this adjustment in several code
tests relevant to the physics which moving-mesh codes are designed to capture.
1 INTRODUCTION
The fields of astrophysics and cosmology have benefited
from the recent development of a numerical technique
for effectively Lagrangian integration of the equations of
hydrodynamics. This moving-mesh technique, first pro-
posed by Borgers & Peskin (1985) and recently imple-
mented in the cosmology code AREPO (Springel 2010)
and later for relativistic astrophysics in the TESS code
(Duffell & MacFadyen 2011), has had considerable success
in improving upon results from Lagrangian Smoothed Par-
ticle Hydrodynamics (SPH) methods and Eulerian Adap-
tive Mesh Refinement (AMR) techniques. Both TESS and
AREPO are three-dimensional and parallel, and have im-
plemented solvers for the magnetohydrodynamic and vis-
cous hydro equations. A related finite-element approach has
also recently been developed which employs the same mov-
ing Voronoi mesh (Mocz et al. 2014). The numerical method
has also been adapted for use with alternate, non-Voronoi
meshes tailored to disks and jets (Duffell & MacFadyen
2012, 2013), as the general idea does not depend sensitively
on the shape of the zones.
In general, a moving mesh can be advantageous for
capturing highly supersonic flows, or situations which re-
quire precise preservation of contact discontinuities. One of
the most highly-prized advantages to the moving Voronoi
mesh is its ability to capture fluid instabilities at relatively
low resolution (Springel 2011). It has also been suggested
that the Voronoi mesh would be ideal for capturing turbu-
lent flow, as the scale-by-scale structure of eddies within
eddies seems naturally suited to a Lagrangian treatment
(Bauer & Springel 2012).
However, this method is not without its detractors. A
major concern regarding the Voronoi method is the noise
introduced at the grid scale. First, the extremely well-
preserved contact discontinuities can produce jagged edges
at the grid scale, which might potentially introduce numer-
ical issues similar to those produced by contact steepeners,
which were first introduced to artificially enhance contact
discontinuities (Colella & Woodward 1984).
A much larger source of noise, however, comes from
the mesh motion itself. This has been directly observed in
simulations of driven turbulence. When the mesh is moved,
a large amount of power is introduced artificially at the grid
scale, hampering the code’s ability to resolve the inertial
range of turbulence at a given resolution (Bauer & Springel
2012; Mocz et al. 2014).
The cause of this noise is easily understood. It is pro-
duced whenever two neighboring mesh points are given sig-
nificantly different velocities. In this case, mesh topology can
change very abruptly, either producing diffusion when a face
flips and overtakes a substantial fraction of a zone, or pro-
ducing noise when a face rotates quickly about its center,
moving fluid around artificially even when there is no flux
through the face.
Such noise will always plague Voronoi codes like TESS
and AREPO, as long as there is shear in the mesh at the
smallest scales. In this work, we report on a very simple
way to reduce this noise, while still retaining all the ad-
vantages of the moving mesh. Simply, rather than mov-
ing the mesh-generating points with the local fluid velocity
~v(~x), this velocity field is smoothed on some length scale,
λ: ~w(~x) = Sλ [~v(~x)], and the mesh points are moved with
the velocity ~w, rather than the local fluid velocity. In the
examples presented here, the length scale λ is of order the
grid scale. Note that in general, one always has complete
freedom when choosing the mesh velocity field ~w; if ~w = 0
everywhere, the method reduces to an Eulerian fixed-grid
scheme. By smoothing ~w, the code remains Lagrangian on
large scales, but behaves like a comoving Eulerian code on
small scales. The idea of using a smoothed velocity field
to move mesh points has previously been proposed in the
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context of SPH, in the form of a technique called X-SPH
(Monaghan 1989, 1992).
It is worth noting that both TESS and AREPO al-
ready employ mesh-regularization techniques with the goal
of keeping the Voronoi tessellation regular (i.e. the Voronoi
cells are “rounder” and have fewer neighbors on average).
This work aims to treat a different problem with a distinct
solution; the mesh velocity field is smoothed with the goal
of reducing noise from rapid mesh adjustments. In doing so,
there is also the side-benefit that the mesh tends to remain
more regular. However, the reason for the smoothed mesh-
motion is a reduction in small-scale noise.
This adaptation is simple, and it can provide improve-
ment to the original method, as we shall demonstrate with
several code tests. It is recommended that every Voronoi
code use a smoothed velocity field for the mesh motion,
otherwise such codes are succeptible to the aforementioned
numerical noise, and the code’s ability to accurately cap-
ture instabilities and turbulence (which can have shear on
all scales) may be in question.
2 SMOOTHED MESH MOTION
The moving Voronoi mesh technique has been articulated
in other works (Springel 2010; Duffell & MacFadyen 2011;
Springel 2011), and we shall not repeat all of the details
here. Essentially, it is a finite volume method in which the
finite volumes are calculated from a Voronoi tessellation of
a given set of mesh-generating marker points. These marker
points can be given an arbitrary mesh velocity ~w(~x), though
typically their motion is set to the local fluid velocity, ~w(~x) =
~v(~x). Motion of the marker points results in mesh motion,
which is accounted for by adjusting the flux through each
Voronoi face, based on the face’s velocity.
Note that the velocity of a face does not have to mimic
the velocity of nearby marker points. In particular, if two
neighboring marker points have significantly different veloc-
ities, this can result in a relative face velocity in a totally
different direction from the velocity of the marker points.
This generally results in a face which moves counter to the
flow, which is not desirable. It can result in diffusive mix-
ing if the face overtakes a significant fraction of one of the
zones during a timestep. It can also result in noise if the
face rotates about its center considerably over a timestep,
an action which is not accounted for by any compensating
fluxes.
This problem can be mitigated by reducing the relative
velocity of neighboring marker points. In other words, in-
stead of setting ~w equal to the local velocity, this velocity
field is first processed through some smoothing operation,
~w = Sλ [~v], so that neighboring marker points have simi-
lar velocities, while large-scale fluid motion is still properly
subtracted off by the smoothed velocity field of the mesh.
In principle, there is freedom in the choice of the op-
erator Sλ. In this work, a very simple operation is em-
ployed. Other smoothing operators are certainly possible;
the choice of Sλ presented here is mainly a proof-of-concept.
First, the marker point velocities are set equal to the lo-
cal fluid velocity, ~w = ~v. Next, an averaging operation
is performed: ~w → α~w + (1 − α) 〈~wj〉, where 〈~wj〉 repre-
sents a weighted average of the velocities of neighboring
Figure 1. Kelvin Helmholtz Instability, identical to the test
performed in Springel (2010). This snapshot is at time t = 1.5.
The upper panel uses a fixed mesh, which diffuses the eddies. In
the center panel, the mesh is moving, and the spiral shapes formed
are sharper and more pronounced. However, significant noise is
introduced at the grid scale which is enhanced by the unstable
shear motion, producing jagged structures. The lower panel uses
the smoothed mesh motion, which significantly reduces this noise,
while still maintaining contact discontinuities and capturing the
growth of the instability to high accuracy (See Figures 2 and 3).
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marker points (weighted by the area of the face shared in the
Voronoi tessellation), and α is an adjustable constant cho-
sen based on how aggressively the mesh is to be smoothed.
It is then possible to perform this substitution iteratively
until the velocity field ~w has the desired smoothness. In the
examples presented in this work, α = 0.5 is chosen with five
iterations, but other smoothing operators could be chosen
which may have more desirable properties.
3 CODE TESTS
3.1 The Kelvin-Helmholtz Instability
The Kelvin-Helmholtz instability was at first cited as one
of the best arguments for using a moving Voronoi mesh.
Springel (2010) showed that the eddies formed in the in-
stability are much more vividly captured when moving the
mesh than when the mesh is kept fixed, since a fixed mesh
introduces advection errors which diffuse the eddies. Figure
1 shows a very low-resolution (50×50) Kelvin-Helmholtz cal-
culation at t = 1.5 based on the initial conditions given in
Springel (2010) (Springel’s Figure 32). The same calculation
is performed on a fixed mesh (top panel), standard moving
mesh with ~w = ~v (center), and finally smoothed mesh mo-
tion with ~w = Sλ[~v] (lower panel). It is clear by looking at
the top and center panels that moving the mesh results in
a dramatic reduction in diffusion, and much sharper con-
tact discontinuities. The fixed mesh exhibits diffusion which
comes from advection errors to which the moving mesh is
less susceptible.
However, upon closer inspection, the standard moving
mesh exhibits a different problem. Small-scale structures ap-
pear to form in the eddies, which may be evidence for spu-
rious noise or numerical instability (similar features can be
seen in Springel (2010), Figure 32). At first glance, it might
seem as though these small structures could actually be real;
i.e. that they might be secondary instabilities that moving-
mesh codes can capture, but which are diffused away by
fixed-grid codes. In this section we will demonstrate that
this is not the case. That is, secondary instabilities do exist,
but in these examples they are seeded artificially by the grid-
scale noise described in the previous section. The unstable
nature of the flow enhances the noise and makes conver-
gence slow. However, when the mesh motion is smoothed
(lower panel of Figure 1), the noise is reduced and the re-
sult is more accurate. Because the smoothing operation is
not significantly diffusive, one does not have to sacrifice the
sharpness of the contact discontinuities.
The calculation with smoothed mesh motion can be
shown to be correct, using the smooth Kelvin-Helmholtz test
proposed by McNally et al. (2012). These authors started
with a smooth initial condition, and evolved it using the
6th-order Pencil code (Brandenburg & Dobler 2010) at a
resolution of 40962. This resolution study was careful and
thorough, and therefore this is likely the closest one will
come to having an exact solution to this problem (relative
errors in their results were of the order 10−3 or smaller ev-
erywhere on the grid; far too small to see by eye).
Figure 2 shows a snapshot of the TESS code perform-
ing this problem at a resolution of 5122. The upper panel
uses standard mesh motion, and the lower panel employes
Figure 2. Smooth 2D Kelvin-Helmholtz test; initial conditions
found in McNally et al. (2012) (snapshot at t = 1.5, to be com-
pared with Figure 2 of McNally et al. (2012)). Both panels ran at
a resolution of 5122. The upper panel uses the standard mesh mo-
tion, while the lower panel uses smoothed mesh motion. Naively
one might incorrectly interpret the upper panel as being more
accurate; the image “looks” more realistic, as it appears to cap-
ture details that the lower panel misses. However, since this is
a smooth problem, there is a highly accurate reference solution
found in McNally et al. (2012), calculated using the high-order
Pencil code at high resolution. Their result does not exhibit the
small-scale features found in the upper panel. Rather, these are
secondary instabilities, which are artificially seeded by mesh noise.
smoothed mesh motion. To the careless eye, the upper panel
“looks” more correct, as it seems as if it is picking out more
details than the lower panel. However, the true, converged
solution (Figure 2 in McNally et al. (2012)) does not ex-
hibit these detailed features. These are secondary instabili-
ties seeded by numerical noise. Moreover, it is very difficult
to eliminate these errors with high resolution; increasing the
resolution introduces the noise on smaller scales, which ex-
cites faster-growing modes. The amplitude of these errors
eventually trends to zero with high resolution, but slowly.
Fortunately, smoothing the velocity field of the mesh
significantly reduces this problem. Figure 3 shows that the
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. Simulations of driven 2D turbulence produced by a stochastic driving field. The fluid motion is made visible by the means of
a passive scalar field which was initially given by a step function in the x coordinate. The two panels are identical, except that the left
panel employed standard mesh motion, while the right panel used the smoothed-mesh prescription.
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Figure 3. Mode growth of the smooth Kelvin-Helmholtz test
of Figure 2 (definitions and reference solution found in ). Cal-
culations used a mesh with 512 × 512 zones, and the effect of
smoothing is tested by varying the number of iterations in the
smoothing operator. Grid noise suppresses the growth of the in-
stability, but by smoothing the mesh motion the growth rate is
more accurately captured.
growth of the instability is more accurately captured when
using smoothed mesh motion.
3.2 Driven Turbulence
The smoothed mesh motion is important in any problem
which exhibits shear on all scales. In a turbulent cascade,
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Figure 5. Power spectra of driven 2D turbulence using a mesh
of 512× 512 zones. There is a clear inertial range extending over
roughly an order of magnitude in k. The inertial range shows a
steep scaling somewhere between k−3 and k−5. At small scales,
there is significant power at the dissipation scale, indicating noise
induced by mesh motion. This noise is reduced and the inertial
range is extended when using a smoothed velocity field for the
mesh.
there is always shear on all scales, and therefore substan-
tial grid noise will be produced when using a Voronoi mesh
to follow such a flow. If the mesh is moved, but with a
smoothed prescription for the mesh motion, the mesh fol-
lows the largest eddies, and this large-scale flow is effectively
subtracted off. Meanwhile, the dynamics of the smallest ed-
dies are calculated in an effectively Eulerian manner (in the
smallest eddy’s center-of-momentum frame). Thus, the tur-
bulence is captured in a natural way, but without introduc-
ing the noise produced by shearing the grid on the smallest
scales.
This can be illustrated in two-dimensional simulations
of driven turbulence. The fluid is stirred on large scales us-
ing a driving field generated via a stochastic process. This
c© 0000 RAS, MNRAS 000, 000–000
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Figure 6. Statistics of zone shapes, showing the relative fre-
quency of zones with a given shape factor G (proportional to
perimiter squared over area). Zone data is taken from a 2562 run
of the smooth KH test at t = 1.5. G = 1 describes a circle, while
G = 1.1 for a regular hexagon. Smoothed mesh motion reduces
the number of zones in the tail, around G = 1.4, by nearly an
order of magnitude.
method for large-scale driving is identical to the one em-
ployed by Zrake & MacFadyen (2012). The resultant turbu-
lence is subsonic (Mach 0.1). A snapshot of the 2D turbu-
lence is shown in Figure 4, where a passive scalar is included
to reveal the structures generated from the turbulent fluid
motions. This passive scalar was initialized as a step func-
tion. The advantage gained in smoothing the mesh motion
can be seen most clearly in the power spectrum (Figure 5).
In the power spectrum, there is a clear inertial range,
extending from the driving scale at k ∼ 10 to a bottleneck at
small scales. In 2D, on scales smaller than the driving scale,
the power spectrum is set by an enstrophy cascade from
large to small scales. Simple scaling arguments give a scale
dependence of k−3 for the power spectrum in the inertial
range (Kraichnan 1967), but it has been suggested that the
nonlocality of 2D turbulence may cause this slope to depend
on the fluid Reynolds number (Bracco & McWilliams 2010).
The important question is not of slope of the spectrum but
on the extent of the inertial range and the size of the bot-
tleneck at the dissipation scale. Clearly, the smoothed mesh
motion reduces the power in this bottleneck, and increases
the extent of the resolved inertial range. This could poten-
tially be further improved with a different choice of Sλ.
4 SUMMARY
The noise introduced by the Voronoi mesh motion at small
scales can hamper the convergence properties of codes which
employ this moving-mesh technique. Calculations which are
sensitive to the detailed development of instabilities and
turbulence should employ some mechanism for reducing or
eliminating this noise, such as the smoothed mesh motion
described in this work.
More generally, when performing astrophysical or cos-
mological calculations using a moving Voronoi mesh, if a
certain qualitative behavior depends on whether the mesh
motion is turned on, it is not necessarily the case that the
moving-mesh version gives the correct answer. In the case of
the smooth Kelvin-Helmholtz example of Figure 2, it may
be very tempting to assume that these small structures are
subtle details being picked out by the mesh motion. How-
ever, the resolution study by McNally et al. (2012) clearly
demonstrated that this was not the case. This strongly sug-
gests that the same is true of the non-smooth version shown
in Figure 1.
Given this, the smoothed mesh motion presented here
provides a more accurate solution for the Kelvin-Helmholtz
problem, without sacrificing the advantages gained by mov-
ing the mesh; this improvement came from subtracting
noise, not from adding diffusion. The turbulence calcula-
tions (Figures 4 and 5) provide more evidence for this; the
mesh noise is clearly exhibited in the high-k end of the power
spectrum. This loud bottleneck at small scales is reduced by
smoothing the mesh motion.
It should also be noted that while mesh smoothing is a
distinct operation from the “mesh steering” techniques used
in AREPO and TESS (including the mesh-steering method
of Vogelsberger et al. (2012)), it can help to accomplish sim-
ilar goals. Figure 6 shows the distribution of zone shapes,
defining the “shape factor”
G =
Perimiter2
4π(Area)
. (1)
G represents how far off zones are from being perfectly
round (G = 1 in the limiting case of a circle, and G = 1.1
for a regular hexagon, but G can potentially attain much
larger values for non-round shapes and large aspect ratios).
The figure shows that with standard mesh motion, mesh
steering already does a reasonable job keeping zones round.
However, smoothed mesh motion improves on this a bit,
reducing the number of zones with G ∼ 1.4 by nearly an
order of magnitude.
Finally, it should be noted that the smoothing operator
Sλ presented in section 2 is not unique; undoubtedly there
are other operations one can perform to smooth the veloc-
ity field ~w on small scales, which may improve performance
further.
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